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StabilityAbstract Tuberculosis is a global epidemic disease and almost two billion people across the globe
are infected with the tuberculosis bacilli. Many countries like China, Europe and United States has
achieved dramatic decrease in TB mortality rate but country like India is still struggling hard to
control this epidemic. Jharkhand one of the states of India is highly epidemic toward this disease.
We propose a mathematical model to understand the spread of tuberculosis disease in human pop-
ulation for both pulmonary and drug-resistant subjects. A number of new vaccines are currently in
development. Keeping in mind, vaccination as one of the treatment for TB patients may be infant or
adult in future; an assumption for the transfer of proportion of susceptible population to the vac-
cination class is considered. Quarantine class is also considered in our epidemic model for multi-
drug-resistant patients, and it is observed that it may play a vital role for controlling the disease.
Threshold and equilibria are obtained and the condition for epidemic under different conditions
of threshold is established. Real parametric values of the Jharkhand state are taken into account
to simulate the system developed, and the results so obtained validate our analytical results.
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D license.1. Introduction
TB is among the most ancient diseases. German Microbiolo-
gist Robert Koch discovered the causative organismMycobac-terium tuberculosis on 24th March 1882. From Forties to
seventies of 20th century, different anti-Tuberculosis drugs
came into existence. World Health Organization (WHO) de-
clared TB as global epidemic in 1993. Tuberculosis (TB) has
been around for centuries and today it infects one-third of
the world population. While tuberculosis has been stamped
out in the developed world, it remains a serious and constant
threat to the lives of people in resource-poor countries, killing
almost two million people a year. Tuberculosis is a contagious
disease that spreads like the common cold. Active tuberculosis
develops primarily in people with weakened immune systems,
especially in people with HIV, and can trigger a seriousicense.
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tuberculosis every day for a total of nearly two million deaths
a year [1]. 30% of the world population––two billion people––
are infected with the tuberculosis bacilli; one in ten of these
people will become sick with active tuberculosis and without
effective treatment; it will infect 10–15 other people in a year
[1]. Tuberculosis prevention and control face serious chal-
lenges, but Global Fund programs are helping countries
around the world to ﬁght back.
Global Fund programs are up and running throughout the
world, playing a leadership role in stopping the spread of
tuberculosis. Worldwide, Global Fund programs have treated
7.7 million tuberculosis cases with DOTS therapy (directly ob-
served therapy, short-course), treated 43,000 people for multi-
drug-resistant tuberculosis (MDR-TB), provided tuberculosis
and HIV co-infection services to 2.4 million, and trained
12.2 million health or community workers [1]. Roughly, a third
of the world population has been infected withM. tuberculosis,
and new infections occur at a rate of one per second. However,
not all infections with M. tuberculosis cause tuberculosis dis-
ease and many infections are asymptomatic. In 2007, there
were an estimated 13.7 million chronic active cases, and in
2010, there were 8.8 million new cases, and 1.45 million deaths,
mostly in developing countries [1]. 0.35 million of these deaths
occur in those co-infected with HIV. Tuberculosis is the second
most common cause of death from infectious disease (after
HIV). The absolute number of tuberculosis cases has been
decreasing since 2005 and new cases since 2002. China has
achieved particularly dramatic progress, with an 80% decline
in its TB mortality rate. The distribution of tuberculosis is
not uniform across the globe; about 80% of the population
in many Asian and African countries tested positive in tuber-
culin tests, while only 5–10% of the U.S. population tested po-
sitive. India has the largest total incidence, with an estimated
2.0 million new cases. In developed countries, tuberculosis is
less common and is mainly an urban disease. In the United
Kingdom, the national average was 15 per 100,000 in 2007,
and the highest incidence rates in Western Europe were 30
per 100,000 in Portugal and Spain. These rates compared with
98 per 100,000 in China and 48 per 100,000 in Brazil. In the
United States, the overall tuberculosis case rate was 4 per
100,000 persons in 2007. In Canada, tuberculosis is still ende-
mic in some rural areas. TB continues to be the leading killer
disease for Indian adults among all infectious diseases. One-
ﬁfth of the world’s TB incident cases are in India. More than
80% of TB patients have pulmonary TB. In developing coun-
tries, more than 75% of TB patients are in the economically
productive age group of 15–45 years.
Children in the ﬁrst ﬁve years of their life are likely to suffer
from serious and fatal forms of TB, more so, if not vaccinated
with BCG. Globally, it is estimated that about 1.1 million new
cases are reported and 1,30,000 deaths occur annually due to
TB among children. Reliable data on incidence and prevalence
of the disease is not available due to difﬁculties in the diagnosis
of pediatric TB under ﬁeld conditions. However, limited data
available reveal that prevalence of TB among children in the
age group 0–14 years is estimated to be 0.3% of radiological
cases and 0.15% of bacteriological cases. One specimen positive
out of the two is enough to declare a patient as smear-positive
TB. Smear-positive TB is further classiﬁed as a new or re-treat-
ment case based on their previous treatment history, and an
appropriate therapy is prescribed. Patients in whom both spec-imens are smear-negative should be prescribed symptomatic
treatment and broad-spectrum antibiotics. Spread of TB Dis-
ease in the state of Jharkhand (India) in the year 2010–2011is gi-
ven in Table 1 [2].
The journey so far in the development of mathematical TB
propagation has been studied using the epidemiological mod-
eling [3–6] in which the disease status are divided into different
compartments which is initiated by Kermack and McKendrick
[7] and later extended by Baile [8], Anderson and May [9]. The
SIS (Susceptible-Infected-Susceptible) and SIR (Susceptible-
Infected-Recovered) models are highly applicable and sug-
gested model, and SIR model assumes that once a host recov-
ers from the disease, it becomes immune forever while the SIS
model has been used for diseases where repeat infections are
common. The SEIR model proposed by Yan and Liu [10] as-
sumes that the recovered hosts have a permanent immuniza-
tion period with a certain probability, which is not consistent
with real situation. In [4], the authors used epidemiologic data
on tuberculosis to construct a model for the time delay from
initial latent infection to active disease, when infection trans-
mission occurs. They used case rate tables in the United States
to calculate the fractional rate of change per annum (A) in the
incidence of active tuberculosis. They then derived estimates
for the effective reproductive number (R) and the cumulative
transmission, deﬁned as the number of people whom one in-
fected person will infect in his or her lifetime and over many
multiple successive transmissions, respectively. Smith and
Cheeseman [5] discussed a model to compare the efﬁcacy of
various disease control strategies, including temporary and
permanent sterilization. By using rabies and TB as examples
of acute and chronic diseases, the model shows that lethal con-
trol can be more effective at disease eradication in an isolated
population than vaccination. This is due to the birth of larger
numbers of susceptible individuals during a vaccination cam-
paign, which makes it harder to keep the population below
the critical threshold density. This difference was very marked
for the progressive disease of tuberculosis. Gammaitoni and
Nucci [6] evaluated the efﬁcacy of recommended tuberculosis
(TB) infection control measures by using a deterministic math-
ematical model for airborne contagion. They examined the
percentage of puriﬁed protein derivative conversions under
various exposure conditions, environmental control strategies,
and respiratory protective devices. They concluded that envi-
ronmental control cannot eliminate the risk for TB transmis-
sion during high-risk procedures; respiratory protective
devices, and particularly high-efﬁciency particulate air masks,
may provide nearly complete protection if used with air ﬁltra-
tion or ultraviolet irradiation.
2. Epidemic model
We propose susceptible-exposed-infectious-quarantine-
recovered-susceptible with vaccination compartment (SEI-
QRS-V) model to describe the dynamics of TB propagation
with respect to time in human population. We assume constant
birth rate in the population, which may die naturally at a con-
stant rate. Initially, we assume the population to be susceptible
toward TB infection. Before a subject become fully infectious,
he/she shows the symptom of TB disease like having cough
with mild fever; such subjects are put into exposed compart-
ment (E). Subjects which are having pulmonary TB are put
into the infectious compartment (I) and are subjected to six
Table 1 Spread of TB Disease in Jharkhand in the year 2010–2011 [12].
Population covered
by Revised National
TB Control Program
(RNTCP)
Number of
suspects
examined
Number
of smear positive
patients diagnosed
Total patients
registered for
treatment
Number of
all smear positive cases
registered within seven
days of diagnosis
Number of all
smear positive patients
registered within one
month of diagnosis
Number of
pediatric TB
patients out of
all new smear
positive patients
315 Lakhs 1,55,738 23,051 38,574 18,356 21,289 1794
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I-class may get cured and are put in cured class (R). Proportion
of the population having infectious behavior is addressed by
dynamic quarantine where the most infectious individuals
are isolated from the population (may be the case of multi-
drug-resistant population) till they get cured. Vaccinating the
infants (BCG), which we assume to be a susceptible population
in a community immunize them toward the TB infection and
may be one of the steps for controlling this disease. Part of
the reasoning arguing against the use of the vaccine is that it
makes the tuberculin skin test falsely positive and therefore
of no use in screening [11]. A number of new vaccines are cur-
rently in development [12]. Keeping in mind, vaccination as
one of the treatment for TB patients may be infant or adult
in future [12]; we do assume that the proportion of susceptible
population enters the vaccination class with rate r.
Let S(t), E(t), I(t), Q(t), R(t), and V(t) denote the number of
Susceptible, Exposed, Infectious, Quarantine, cured, Vacci-
nated population at time t respectively.
Assume; NðtÞ ¼ SðtÞ þ EðtÞ þ IðtÞ þQðtÞ þ RðtÞ
þ VðtÞ for all t:
where K the birth in the population, d is natural mortality rate,
d is the death rate due to TB disease, b is the infectivity contact
rate, c is the rate of transmission from E-class to I-class, a is
the rate of transmission from I-class to Q-class, u is the rate
of transmission from I-class to R-class, g is the rate of recov-
ery, e is the rate of transfer from R-class to S-class, q is the rate
of transmission from V-class to S-class, and r is the vaccinat-
ing rate coefﬁcient for the susceptible population.
The system of differential equations as per our assump-
tions, which is depicted in Fig. 1, is given as:
dS
dt
¼ K bSI ðrþ dÞSþ eRþ qV
dE
dt
¼ bSI ðcþ dÞE
dI
dt
¼ cE ðaþ uþ dþ dÞI
dQ
dt
¼ aI ðgþ dþ dÞQ
dR
dt
¼ uIþ gQ ðeþ dÞR
dV
dt
¼ rS ðqþ dÞV
ð1Þ
Now, the total population size is, dN
dt
¼ K dN dI.
In the absence of attack, the population size approaches the
carrying capacity A/d. The differential equation for N implies
that solution of (1) starting in the positive orthan Rþ6 either
approaches, enter or remain in the epidemiologically meaning-
ful subset D.D ¼ fðS;E; I;Q;R;VÞ=ðS > 0;EP 0; IP 0;QP 0;RP 0;V
P 0Þ;Sþ Eþ IþQþ Rþ V 6 A=dg
Thus, it sufﬁces to consider solutions in region D. Solution of
the initial value problem starting in D and deﬁned by (1) exists
and is unique on maximal interval. Since solution remain
bounded in the positively invariant region D, the maximal
interval is (0,1). Thus, initial value problem is well posed both
mathematically and epidemiologically.
2.1. Existence and stability of equilibrium
The system has two possible equilibria in D where,
D ¼ fðS;E; I;Q;R;VÞ 2 R6þ : Sþ Eþ IþQþ Rþ V 6 Ng.
The disease free equilibrium for bacillium free state
E0 ¼ Kðqþ dÞ
dðqþ rþ dÞ ; 0; 0; 0; 0;
rK
ðqþ dÞðrþ dÞ  rq
 
If R0 > 1, then D contains a unique positive, endemic equilib-
rium E* = (S*,E*, I*,Q*,R*,V*) where
S ¼hðcþdÞ
bc
E ¼ ðaþuþdþdÞðgþdþdÞðeþdÞ
cfuððgþdþdÞþagcehðcþdÞðgþdþdÞðeþdÞ
hðcþdÞ
b
ðrþdÞ qr
qþd
 
cA
 
I ¼ ðgþdþdÞðeþdÞ
uðgþdþdÞþagcehðcþdÞðgþdþdÞðeþdÞ
hðcþdÞ
b
ðrþdÞ qr
qþd
 
cA
 
Q ¼ aðgþdþdÞðeþdÞðgþdþdÞfuðgþdþdÞþagcehðcþdÞðgþdþdÞðeþdÞ
hðcþdÞ
b
ðrþdÞ qr
qþd
 
cA
 
V ¼ r
qþd
hðcþdÞ
bc
where h= (a+ u+ d+ d)
Thus, we have: N* = S* + E* + I* + Q* + R* + V*
2.2. The basic reproduction number (R0)
It is deﬁned as the expected number of new cases of infection
caused by a typical infected individual. It can be obtained by
calculating V and F, where V is the rate of transfer of individ-
uals inside and outside of the infectious compartment and F be
the rate of new infection in compartment. Hence, by the equa-
tions we obtain,
V¼
ðcþdÞ 0 0
c ðaþuþdþdÞ 0
0 a ðgþdþdÞ
2
64
3
75 F¼
0 b 0
0 0 0
0 0 0
2
64
3
75
The basic reproduction number is deﬁned as the dominant Ei-
gen value of FV1 that is,
R0 ¼ bcðcþ dÞðaþ uþ dþ dÞ
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To get the stability of the disease free equilibrium state, the
Jacobian matrix, of the system (1) that is:
J¼
ðrþdÞ 0  bKðqþdÞ
dðqþrþdÞ 0 e q
0 ðcþdÞ bKðqþdÞ
dðqþrþdÞ 0 0 0
0 c ðaþuþdþdÞ 0 0 0
0 0 a ðgþdþdÞ 0 0
0 0 u g ðeþdÞ 0
r 0 0 0 0 ðqþdÞ
2
6666666664
3
7777777775
ð2Þ
The Eigen values of (2) are:
ðrþ dÞ;ðcþ dÞ;ðaþ uþ dþ dÞ;ðgþ dþ dÞ;ðe
þ dÞ;ðqþ dÞ
which all are negative hence the system is locally asymptoti-
cally stable at disease free equilibrium point E0.
Lemma 1. If R0 < 1, the disease free equilibrium point E0 is
locally asymptotically stable. If R0 = 1, E0 is stable. If R0 > 1,
E0 is unstable.
Let,
f1 ¼ lim
t!1
inf
hPt
fðhÞ;
f1 ¼ lim
t!1
sup
hPt
fðhÞLemma 2. Assume that a bounded real valued function f:
[0,1]ﬁ R be twice differentiable with bounded second deriv-
ative. Let kﬁ1 and f(tk) converges to f1 to f1 then,
lim
k!1
f
8ðtkÞ ¼ 0
Theorem 1. if R0 < 1 then worm free equilibrium E0 is globally
asymptotically stable.
Proof. From the system (1) we have,
dS
dt
6 K dðpþ rþ dÞ
pþ d SFigure 1 Schematic diagram for theA solution of the equation dX
dt
6 K dðpþrþdÞ
pþd X is a super solu-
tion of S(t).
Since XðtÞ ! KðpþdÞdðpþrþdÞ as tﬁ1, then for given 2> 0, such
that
SðtÞ 6 XðtÞ 6 ðpþ dÞ
dðpþ rþ dÞþ 2; for tP t0
Thus, S1 6 KðpþdÞ
dðpþrþdÞ þ 2.
Let 2ﬁ 0 then S1 6 KðpþdÞdðpþrþdÞ.
Similarly, the second equation of the system (1) can be
expressed as
dE
dt
¼ bI ðpþ dÞ
dðpþ rþ dÞ
 
 ðcþ dÞE ð3Þ
Using this the 3rd and 4th equation of the system (1) we have,
_E
_I
_Q
2
64
3
75 6 P
E
I
Q
2
64
3
75;
where
q ¼
ðcþ dÞ b KðpþdÞ
dðpþrþdÞ
 	
0
c ðaþ uþ dþ dÞ 0
0 a ðgþ dþ dÞ
2
664
3
775 ð4Þ
let M 2 R+, such that M>max{(c+ d), (a+ u+ d+ d),
(g+d+ d)}.
Thus, q+MI3·3 is a strictly positive matrix where I3·3 is an
identity matrix. If x1, x2, x3 are the Eigen value of q, then
x1 +M, x2 +M, x3 +M are the Eigen value of q+MI3·3.
Thus, from the Perron–Frobenius theorem [13], q+MI3 has a
simple positive Eigen value equal to dominant Eigen value and
corresponding Eigen vector e> 0, which implies that x1, x2
and x3 are real. If x1 +M is the dominant Eigen value of
q+MI3·3, then x1 > x2 and x1 > k3, and eq= ex1. Obvi-
ously x1, x2 and x3 are the roots of equation.
x2 þ ð2dþ aþ cþ uþ dþÞxþ ðcþ dÞðaþ uþ dþ dÞ
 cb½ðpþ dÞ
dðpþ rþ dÞ
 
¼ 0 ð5Þﬂow of TB disease in population.
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Figure 2 Dynamical behavior of the system for different classes
where K= 0.2; b= 0.6; d= 0.03; g= 0.4; a= 0.1; e= 0.3;
c= 0.3; r= 0.3; d= 0.3; U= 0.68; q= 0.6.
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Figure 3 Dynamical behavior of the system for susceptible class
versus vaccinated class where K= 0.2; b= 0.6; d= 0.03;
g= 0.4; a= 0.1; e= 0.3; c= 0.3; r= 0.3; d= 0.3; U= 0.68;
q=0.6.
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Figure 4 Dynamical behavior of the recovered class versus
quarantined class where K= 0.2; b= 0.6; d= 0.03; g= 0.4;
a= 0.1; e= 0.3;c= 0.3; r= 0.3; d= 0.3; U= 0.68; q= 0.6.
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Figure 5 Dynamical behavior of the recovered class versus
infectious class where K= 0.2; b= 0.6; d= 0.03; g= 0.4;
a= 0.1; e= 0.3; c= 0.3; r= 0.3; d= 0.3; U= 0.68; q= 0.6.
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ðcþ dÞðaþ uþ dþ dÞ  cb½ðpþ dÞ
dðpþ rþ dÞ
 
> 0
Therefore, coefﬁcients of the quadratic Eq. (5) are positive.
Thus, x1, x2 and x3 are negative. So from Eq. (4) for tP t0
d
dt
ðe  ½EðtÞ; IðtÞ;QðtÞÞ 6 x1  e½EðtÞ; IðtÞ;QðtÞ
Integrating the above inequality, we get,
0 6 e  ½EðtÞ; IðtÞ;QðtÞ 6 e  ½Eðt1Þ; Iðt1Þ;Qðt1Þex1ðtt1Þ; for t
P t1 P t0:Since x1 < 0, e Æ [E(t1), I(t1),Q(t1)]ﬁ 0 as tﬁ1
Using e> 0, we have,
½EðtÞ; IðtÞ;QðtÞ ! ð0; 0; 0Þ as t !1 
By Lemma 2, we choose a sequence
tnﬁ1, Snﬁ1(nﬁ1), such that
SðSnÞ ! S1; SðtnÞ ! S1; SðSnÞ ! 0; SðtnÞ ! 0
Since E(t), I(t)ﬁ Q(t)ﬁ 0 as tﬁ1, thus from the ﬁrst equa-
tion of system (1), We have,
lim
n!1
SðtÞ ¼ Aðpþ dÞ
dðpþ rþ dÞ
316 B.K. Mishra, J. SrivastavaHence, by incorporating Lemma 1, the disease free equilibrium
E0 is globally asymptotically stable, if R0 < 1.
3. Simulation and discussion
Runge–Kutta method of order 4 is used to solve and MAT-
LAB is used to simulate the system (1) using real parametric
values as shown in Table 1. Fig. 2 graphically represents the
overall dynamics of the system. The behavior of the suscepti-
ble, exposed, infectious, cured, quarantined, and vaccinated
classes are shown with respect to time. The asymptotic stability
of the disease free equilibrium can be clearly observed from the
ﬁgure.
Fig. 3 shows the combined dynamic behavior of the suscep-
tible and vaccinated populations. Starting from different initial
values for the susceptible class and the vaccinated class, the
system is seen to stabilize toward the disease free equilibrium
point.
In Fig. 4, the dynamic behavior of the quarantined and
recovered populations is shown. Here also we have considered
different initial values for the quarantined population but ini-
tially an empty recovered class is taken. It is observed that the
system once again stabilizes to the disease free equilibrium in
all the ﬁve instances taken into consideration. Each of the
curves shows that with time, the recovered population in-
creases and ﬁnally stabilizes at the disease free equilibrium
point.
Fig. 5 shows the dynamic behavior of the recovered class
with respect to the infectious class. Starting initially from a
zero recovered population but non-zero infectious population,
it is observed that for a small duration of time, the infectious
population continues to increase and also the recovered popu-
lation increases but after that small duration, infected popula-
tion goes on decreasing while recovered population continues
to increase and ﬁnally the system once again stabilizes to the
disease free equilibrium.
4. Conclusion
The proposed susceptible-exposed-infectious-quarantine-
cured-susceptible with vaccination (SEIQRS-V) model cap-
tures both the spatial and temporal dynamics of TB disease
spread process. Reproduction number (R0), equilibria, and
their stability are found. If R0 < 1, the bacilli free equilibrium
(E0) is globally stable in the feasible region and the disease al-ways dies out. If R0 > 1, a unique endemic equilibrium E
* ex-
ists and is locally asymptotically stable. Veriﬁcation and
validation of our model parameter has been analyzed by sim-
ulating the system. By quarantining the multidrug-resistant TB
patients, we achieve fast recovery and almost tend to end the
spread of infection to benign individuals. By vaccinating, the
population in a group immunizes them toward the infection
and enabling guideline for typical active TB control. The study
will be helpful to the organizations which are producing vac-
cines and medicines for eradication of Tuberculosis.
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